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Work Interaction in Quasi-One-Dimensional Flows
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Theoretical work addition is derived in a form analogous to that of classical Rayleigh heat addition. From this
derivation it is evident that work terms can be added to the Navier–Stokes momentum and energy equations
representing work interaction. A second-law-based effectiveness parameter controlling the ratio of realizable
work interaction to the ideal work interaction is required for nonidealanalysis.Thus, the theoretical limits on work
interaction are parameterized, and a method is developed for easily modeling isentropic and nonisentropic work
interaction in computational � uid dynamics. This fundamental theoretical approach is independent of the method
employed for the work interaction, that is, turbomachinery, magnetohydrodynamics,etc. . . .

Nomenclature
Cp = speci� c heat at constant pressure
Cv = speci� c heat at constant volume
Et = total energy
e = internal energy
ec = traditional polytropic compressor ef� ciency
et = traditional polytropic turbine ef� ciency
f = body forces
f Çw = force due to work
h = static enthalpy
M = Mach number
Çm = mass � ow rate
P = pressure
q = heat transfer
Çq = heat addition or removal per mass unit
R = ideal gas constant
S = one-dimensionalarea
S = surface coordinate
s = entropy
T = temperature
t = time
u = one-dimensionalvelocity
V = volume
V = velocity vector
Çw = work addition or removal per mass unit
c = ratio of speci� c heats, Cp /Cv
D n = differential quantity where n is generic
d n = differential volumetric quantity where n is generic
g c = traditional adiabatic compressor ef� ciency
g t = traditional adiabatic turbine ef� ciency
g w = work-effectivenessparameter
n is = isentropic condition where n is generic
n t = total condition where n is generic
¯n = averaged quantity where n is generic
p c = total pressure ratio across the compressor
p t = total pressure ratio across the turbine
q = density
% = density ratio
s = shear stress
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s c = total temperature ratio across the compressor
s t = total temperature ratio across the turbine
s k = ratio of burner stagnation enthalpy to freestream enthalpy

Introduction

R AYLEIGH heat addition1 ¡ 3 allows the calculationof the effect
of heat addition(or removal) with the minimum allowablegain

in entropy in a one-dimensional constant-area duct where no other
interactions, that is, friction or work, are being considered. This
fundamental relationship has proved instrumental in advancing the
areas of thermodynamics in general and propulsion in particular.
Noting the simplicity and value of the closed-form heat/entropy
relationship, a similar closed-form relationship is developed for
one-dimensional constant-area work interaction. As in the case of
Rayleigh � ow, there can be no other interactionsin the work region.
Unlike heat interaction, work interaction does not have an inherent
entropy increase, that is, the ideal work interaction is isentropic.
This enables the rapid calculation of the maximum theoretical per-
formance of any work-interaction device. In addition, the effect of
entropy on the amount of work realized for a net work interaction
is examined.

The closed-formconstant-areaRayleighrelationshipis frequently
employed as a simple combustor model in basic cycle analysis.4

The corresponding closed-form work equations are more valuable
as a conceptual device rather than an application-oriented device
because most engine con� gurations have signi� cant area variation
in work zones with a goal toward maintaining a constant axial
velocity through turbomachinery stages with the possible excep-
tion of magnetohydrodynamic(MHD) propulsion systems.5 ¡ 7 For
application-orienteddevices a work-interactionterm is added to the
quasi-one-dimensional Euler equationsenablingwork interactionin
conjunction with area change, Fanno � ow, and Rayleigh � ow. Ad-
ditionally, a work effectiveness is de� ned to enable nonisentropic
work interaction. By the use of fundamental theory, the maximum
performance for a given amount of energy addition in the form of
work is parameterized. The importance of the limit is that it holds
regardless of the manner in which work is added, that is, turbo-
machinery, MHD, etc. . . . Moreover, extension of the closed-form
work equationsto a sourceterm for the quasi-one-dimensional Euler
equations enables the modeling of any method of work interaction
including, but not restricted to, turbomachinery and MHD using
cycle analysis4 and computational � uid dynamics (CFD). The ex-
tensionof the source term to multipledimensionsfor CFD modeling
is straightforward.

In this paper, the motivation behind developing the one-
dimensional work relations is explained. Both isentropic and non-
isentropic equations are developed, and the trends observed are
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compared to those observed for Rayleigh � ow leading to the idea of
energy choking. The nonisentropic considerations lead to the de� -
nition of a work-effectivenessparameter and the subsequent exten-
sion to a source term for the Euler equations. Next, the relationship
between the work-effectivenessparameterand the traditionalturbo-
machinery adiabatic and polytropic ef� ciencies is examined. As a
culmination of the material introduced, the quasi-one-dimensional
Euler equations with both Rayleigh and work source terms are ap-
plied to a simple � ow� eld with the traditional turbojet engine com-
ponents (compressor, burner, and turbine).

Quasi-One-Dimensional Work Addition
Motivation and Theory

The motivation behind the development is discussed along with
basic theoretical considerations and observations. In investigating
work additionand removal, that is, compressors, turbines and MHD
accelerators and decelerators, it is bene� cial to be able to predict
theoreticallyperformancein both subsonicand supersonicregimes.
This is routinely done for heat when modeling the combustion pro-
cess as a constant-areaduct with no other interactionsand is known
as Rayleigh heat addition.

By noting of the usefulness of the Rayleigh heat addition, the
obvious work analogy is sought. From the de� nition of entropy,
D s = D Q / T , it is obvious that ideal work interaction is isentropic.
Both mass and energymust be conserved,butwork leads to a change
in streamthrust.Thus, the obvious approach is to combine the equa-
tions for entropy, conservationof mass, and conservationof energy
to determine the net change in streamthrust due to work. The re-
sults are extended to nonideal analysis by combining nonisentropic
equations with conservation of mass and energy. This leads to the
de� nition of a work effectiveness, which is simply the ratio of the
actual work-interactionto the ideal work-interactionwith the � uid.
The work-effectivenesscan be calculated for a speci� c increase in
entropy,but it can also be treatedas an input.By the use of the work-
effectivenessparameterde� nition, a source term accountingfor real
work effects is added to the Euler equationscreatinga powerful tool
for numerical analysis.

Note that the inclusion of work terms in the energy equation
is common. An energy equation including work and heat terms is
available,8,9 but no effort is made to couple the energy equation
to the continuity and momentum equations in a form analogous to
Rayleigh � ow.

In addition,note that theapproachto quasi-one-dimensional work
interaction bears some similarity to actuator disk theory, but has
some important distinctions. Both occur, in the limit of discretiza-
tion, over an in� nitesimally thin spacial distance. The general as-
sumptions in actuator disk theory of incompressible � ow and cir-
cular cross section10 are not present, even in the one-dimensional
closed-form equations. Moreover, the generalization to the Euler
equation source term allows concurrentheat, work, and viscous in-
teraction with the � ow� eld without the constraint of constant area.
The use of the Euler equations as a basis allows for discontinu-
ities, that is, shock structures, to be present in regions with work
interaction.

The followingsectionsprovidethe closed-formone-dimensional,
that is, constant-area, equations for supersonic and subsonic work
interaction for both isentropic and nonisentropic work processes.
From the derivations, the usefulness of a work-effectiveness pa-
rameter becomes evident. Thus, the work-effectiveness parameter
is compared with the traditional adiabatic and polytropic turboma-
chinery ef� ciencies. Next, the work Euler source term is obtained.
The end result is the demonstrated ability to model work and heat
engine components.

Isentropic and Nonisentropic Work Analysis
To examine the fundamental effects of work interactionon � ow-

� elds, the integral form Navier–Stokes equations for conservation
of mass, momentum, and energy are introduced:

@

@t V

q dV = ¡
S

q V ¢ dS (1)
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S
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S
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q f Çw dV (2)
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S
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V
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( q f dV ) ¢ V

¡
S

(P dS) ¢ V +
S

( s dS) ¢ V (3)

In the integral form, the Navier–Stokes equations allow work to be
done directly to the � ow without modeling boundary interaction,
the traditional (physical) manner used to obtain work interaction.

For the fundamental analysis, the Navier–Stokes equations for
conservationof mass and energy are reduced to a one-dimensional,
steady-state inviscid form, and the assumption of ideal gases is
made. Because for one-dimensional(constant-area) isentropicwork
interaction through any work-interaction device both energy and
mass are conserved, the standard isentropic relations [Eq. (6)] are
used to close the simpli� ed mass and energy equations:

q 1u1 = q 2u2 (4)

C pT1 + 1
2
u2

1 + d Çw = CpT2 + 1
2
u2

2 (5)

(T2 / T1)
1/ ( c ¡ 1) = q 2 / q 1 = (P2 / P1)1/ c (6)

By the de� nition of % such that

% = q 1 / q 2 (7)

and the combination of the simpli� ed equations for conservation
of mass and momentum and the isentropic relations, the following
formulas are provided relating work interactionand density ratio %,
assuming ideal-gas relations:

1

%

c ¡ 1

=
2CpT1 + u2

1 + 2 d Çw is ¡ (u1%)2

2CpT1

(8)

Equation (8) is a functionof upstreamtemperature.The equationcan
be cast such that it is a functionof any of theupstreamstatevariables.
Because the objectiveof work interactionin turbomachineryis to al-
ter pressure, the equationusing the upstreampressure is providedas

1

%

c ¡ 1

= 2C pT1 + u2
1 + 2 d Çw is ¡ (u1%)2 ( c ¡ 1) q 1

2c P1

(9)

A Mach number-based formulation, relating work interaction to
outgoing Mach number, is also provided,

1 +
c ¡ 1

2
M 2

1 +
d Çw is

CpT1

=
M1

M2

2( c ¡ 1) / ( c + 1)

1 +
c ¡ 1

2
M2

2 (10)

Because pressure is a key variable in turbomachinery, an equation
based on the static pressure ratio is also presented:

P2

P1
= 1 +

u2
1

2CpT1

+
d Çw is

C pT1
¡

P2

P1

¡ 2/ c
u2

1

2CpT1

c / ( c ¡ 1)

(11)

Various other forms of the isentropic work equation are obtainable
from algebra and the applicationof the various isentropic relations.
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Table 1 Rayleigh heat addition

Flow property Subsonic Supersonic

Mach number Increases Decreases
Velocity Increases Decreases
Pressure Decreases Increases
Temperature Increases for M1 < c ¡ 1/ 2 , Increases

decreases otherwise
Total pressure Decreases Decreases
Total temperature Increases Increases

Fig. 1 Effect of work addition on Mach number in subsonic and su-
personic � ows (based on ± Çw = 1000 J/kg).

Fig. 2 Effect of work extraction on Mach number in subsonic and
supersonic � ows (based on ± Çw = ¡ 900 J/kg).

It is instructiveto examine the effect of work interactionon Mach
number, that is, what effect does ideal work addition have on exit
Mach number? The effect of work addition on both subsonic and
supersonic � ows is shown in Fig. 1. From Fig. 1, it is evident that
work addition decreases the subsonic and increases the supersonic
Mach number of the � ow. This is exactly opposite the trend seen
in Rayleigh heat addition (see Table 1). Figure 1 is generated by
varying the in� ow Mach number and solving the isentropic work
relationships[Eq. (10)] with a d w =1000 J/kg for the out� ow Mach
number.

The effect of work extraction on subsonic and supersonic � ows
is shown in Fig. 2. From Fig. 2, it is evident that work removal
drives the � ow Mach number toward unity. The work-removal ef-
fect on Mach number is opposite the heat-removal result obtained
from Rayleigh � ow analysis (see Table 1). Figure 2 is generated
by varying the in� ow Mach number and solving Eq. (10) with a
d w = ¡ 900 J/kg for the out� ow Mach number.

From these observations, the term “energy choking” is intro-
duced,which is inclusiveof both work and heat, rather than ‘thermal
choking,’ which is used to describe the upper limit (due to choking
of the � ow) on allowable energy addition by heat. In the case of
work, it is energy-extraction that drives the � ow to choke. In both
cases, continuing the energy transfer process after this sonic point
is reached, that is, extractingmore work or adding more heat, would
necessarily force the upstream conditions to change.

The general isentropic work-interaction trends for Mach num-
ber, velocity,pressure, temperature,density, total pressure,and total
temperature are summarized in Tables 2 and 3. For completion and
comparison,Rayleigh trends2 are summarized in Table 1. Note that
work-removal trends parallel heat-addition trends for Mach num-

Table 2 Work addition

Flow property Subsonic Supersonic

Mach number Decreases Increases
Velocity Decreases Increases
Pressure Increases Decreases
Temperature Increases Decreases
Density Increases Decreases
Total pressure Increases Increases
Total temperature Increases Increases

Table 3 Work removal

Flow property Subsonic Supersonic

Mach number Increases Decreases
Velocity Increases Decreases
Pressure Decreases Increases
Temperature Decreases Increases
Density Decreases Increases
Total pressure Decreases Decreases
Total temperature Decreases Decreases

ber, velocity, and static conditions. The main difference is that in
Rayleigh � ow total pressure and total temperature move in oppos-
ing directions whereas for work-removal they increase or decrease
together being linked by the isentropic relations. Unremarkably,
work-addition trends are opposite work-removal trends.

Now that the isentropic work relations have provided important
information on general trends, the next step is to examine the effect
of losses (entropy gains) on work-interaction.By the utilization of
the entropy relations for nonisentropic � ow and the conservation
of mass and energy, the one-dimensional work-interaction formu-
las with losses are developed. The derivations involve substituting
conservation of mass and nonisentropic relations for ratios in the
energy equation. It is bene� cial to transform the ideal-gas entropy
relations

D s = Cp (T2 / T1) ¡ R ( P2 / P1) (12)

D s = Cv (T2 / T1) + R ( q 1 / q 2) (13)

using the natural logarithm properties and the ideal-gas equation to
the following equations:

T2 / T1 = [exp( D s / R)( P2 / P1)]( c ¡ 1) / c (14)

T2 / T1 = [exp( D s / R)( q 2 / q 1)]c ¡ 1 (15)

P1 / P2 = exp( D s / R)(T2 / T1) ¡ c / ( c ¡ 1) (16)

q 1 / q 2 = exp( D s / R)(T2 / T1) ¡ 1/ ( c ¡ 1) (17)

Furthermore, note that the nonisentropic relations are related to
Mach number via the conservation of mass. The relationship can
be written as

T2 / T1 = [M2 / M1 exp( D s / R)] ¡ 2( c ¡ 1)/ ( c + 1) (18)

Combining the precedingentropy relationswith the conservation
of mass and energy in an analogous fashion to the isentropic cou-
pling yields closed-formwork-interactionequations that, while still
one-dimensional, can account for losses (entropy gains) incurred
during the work process. As in the isentropic case, given the work
interaction and entropy increase, the new density ratio can be ob-
tained:

exp
D s

R
=

2CpT1 + u2
1 + 2 d Çw ¡ (u1%)2

2CpT1

1/ ( c ¡ 1)

% (19)
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Again, Eq. (19) can be cast in terms of the upstream pressure rather
than the upstream temperature,

exp
D s

R
= 2CpT1 + u2

1 +2 d Çw ¡ (u1%)2 ( c ¡ 1) q 1

2 c P1

1/ ( c ¡ 1)

%

(20)
Casting in terms of entrance and exit Mach numbers, yields

1 +
c ¡ 1

2
M 2

1 +
d Çw

CpT1

=
M2

M1 exp( D s / R)

¡ 2( c ¡ 1) / ( c + 1)

1 +
c ¡ 1

2
M2

2 (21)

Finally, because pressure is a key variable in turbomachinery, an
equation based on the static pressure ratio is also presented:

1 +
u2

1

2CpT1

+
d Çw

C pT1
= exp

D s ( c ¡ 1)
c R

P2

P1

( c ¡ 1)/ c

+
P2

P1

¡ 2/ c
exp[2D s( c ¡ 1) / c R]u2

1

2CpT1

(22)

As was the case for the isentropicrelations, the nonisentropicequa-
tions can be recast in any variable desired by performing algebraic
manipulation and applying the appropriate entropy relations.

Ef� ciency Evaluation
Obviously, there is a difference in the amount of work realized

between isentropic and nonisentropic work processes. Traditional
ef� ciencies of turbines and compressors3 de� ned as

g c =
ideal work interaction for a given total pressure ratio

actual work interaction for a given total pressure ratio
(23)

g t =
actual work interaction for a given total pressure ratio

ideal work interaction for a given total pressure ratio
(24)

are based on a constant total pressure ratio, which is not very con-
venient because the work relations are based on a speci� ed work
input and entropy gain.

To that end, g w is introduced as a work-effectiveness parame-
ter. More precisely, g w is a second-law-based ef� ciency relating
the actual work-interaction obtained to the ideal work-interaction
obtainable:

g w =
actual work interaction with the � uid

ideal work interaction with the � uid
(25)

Expressing relation (25) in equation form yields the following ex-
pression for the steady-state condition, where the numerator rep-
resents the actual change in force realized and the denominator
represents the ideal work interaction:

g w =
P2 + q 2u2

2 S2 ¡ P1 + q 1u2
1 S1 ¡ P̄ D S

¯q S̄ d Çw
(26)

For clarity the work-effectivenessparameter, g w , is conceptually
compared to the traditional ef� ciency measures. Traditional mea-
sures of ef� ciency are always less than one. For a real compressor,
more work than the ideal is necessary to achieve a total pressure
rise because losses must be overcome. On the other hand, for a real
turbine less work is produced for a given total pressure drop than
for an ideal turbine.

Conversely, the work-effectivenessparameter, g w , for a compres-
sor is less than one, whereas for a turbine g w is greater than one.
The losses associated with the turbine extracting work from the
� ow result in the total pressure drop being greater than the ideal
(isentropic) total pressure drop associated with the work-removal;
therefore, the work-effectivenessfor nonisentropicwork-removal is

greater than one. For work addition, losses serve to reduce the ac-
tual work-interaction with the � ow� eld; thus, the traditional trend
of a decreasingwork-effectivenessparameter is associated with in-
creasing losses. The work-effectiveness parameter, g w , provides a
simple, straightforward measure of the relationship between ideal
and nonideal work-interaction.

Because the traditional ef� ciencies, g c and g t , and the work-
effectiveness term, g w , can be calculated for any turbomachine, it
is instructiveto examine the relationshipbetween the traditional ef-
� ciencies and the work-effectivenessparameter for both the cases
of work addition and extraction. For a � uid compression device
modeled with work-addition of 100 kJ/kg and in� ow conditions
of 330 m/s (M 1 =0.97), 101,325 Pa, and 1.23 kg/m3 and entropy
varying from 0 to 200 J/kg¢ K, the decreasing work-effectiveness
due to increasingentropy is shown in Fig. 3. The variation of work-
effectivenesswith entropy is approximatelylinear. The correspond-
ing relationship between work-effectiveness and exit Mach num-
ber is shown in Fig. 4. Poor work-effectiveness serves to drive
the exit Mach number rapidly toward one in a work-addition de-
vice. This occurs because inef� ciencies in work-addition translate
into heat-addition. Thus, poor work-addition trends move toward
Rayleigh trendsas the work effectivenessdecreases.Totally ineffec-
tive work-addition indicates all work is lost to heat and is described
by Rayleigh � ow. The variation of compressor total pressure ratios
p c and total temperature ratios s c with work effectiveness is pro-
vided in Fig. 5. The total temperature remains constant for a given
amount of work (energy) interaction,but the total pressure rise is a
result of a realized gain in momentum (streamthrust) governed by
the work-effectivenessterm, g w .

Note that the work-effectiveness term, g w , is not a typical mea-
sure of compressor ef� ciency; the correspondingadiabatic, g c , and
polytropic,ec , compressor ef� ciencies,3

g c =
p

( c ¡ 1)/ c
c ¡ 1

s c ¡ 1
(27)

ec =
[( c ¡ 1) / c ] ( p c)

p
( c ¡ 1) / c
c ¡ 1 g c + 1

(28)

Fig. 3 Effect of increasing entropy on compressor work effective-
ness ´w .

Fig. 4 Relationship between compressor work effectiveness ´w and
exit Mach number for the same energy input.
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Fig. 5 Relationship between compressor work effectiveness ´w and
the resulting total pressure ¼c and total temperature ¿c ratios through
the compressor.

Fig. 6 Relationship between compressor work effectiveness ´w and
the adiabatic compressor ef� ciency ´c and the polytropic compressor
ef� ciency ec.

Fig. 7 Effect of increasing entropy on turbine work effectiveness ´w .

are provided in Fig. 6. Note that the adiabatic and polytropic ef� -
ciencies and the work-effectivenessare all equal to one for the ideal
case. The traditional ef� ciency measures decrease with increasing
losses in a nearly parallel fashion and more rapidly than the work-
effectivenessparameter.

Now, analyzing a turbine extracting 100 kJ/kg of work with in-
� ow conditions 30 m/s (M 1 = 0.088), 101,325 Pa, and 1.23 kg/m3

and entropy varying from 0 to 175 J/kg¢ K, the resulting relation-
ship between entropy and work effectiveness is shown in Fig. 7.
The relationship is approximately linear, with some nonlinearities
developing for high entropy values.

Exit Mach number variation with turbine work effectiveness is
shown in Fig. 8. As the turbine becomes less ef� cient, more of
the work interaction reenters the � ow in the form of heat, thus,
increasing the exit Mach number. As before the more inef� cient the
work interaction,the more the results resemble those from Rayleigh
analysis.

The effect of turbine work-effectiveness on the total pressure
ratio, p t , achieved and the total temperature ratio, s t , across the
turbine is shown in Fig. 9. Again, total temperatureremains constant

Fig. 8 Relationship between turbine work effectiveness ´w and exit
Mach number for the same energy input.

Fig. 9 Relationship between turbine work effectiveness ´w and the
resulting total pressure ¼t and total temperature ¿t ratios through the
turbine.

Fig. 10 Relationship between turbine work effectiveness ´w and the
adiabatic turbine ef� ciency ´t and the polytropic turbine ef� ciency et.

while thetotalpressureratioacrosstheturbinedrops,re� ectingmore
losses as the ef� ciency drops.

The turbine work-effectiveness is also related to the more com-
monly used adiabatic, g t , and polytropic,et , turbine ef� cienciesvia3

g t =
1 ¡ s t

1 ¡ p
( c ¡ 1)/ c
t

(29)

et =
( s t )

[1 ¡ (1 ¡ s t ) / g t ]
(30)

The results are shown in Fig. 10. As before for the work-removal
case, the polytropic and adiabatic ef� ciencies match the work-
effectivenessparameter for the ideal case and follow the same gen-
eral trends. Note that for inef� cient work the work-effectiveness
increases more rapidly than the traditional ef� ciencies decrease.
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Application
With the de� nition of a work rather than pressure-based effec-

tivenessparameter, all of the tools needed to model realistic con� g-
urations are obtained. To this end, the integral form of the Navier–
Stokes equations for conservation of mass, momentum, and en-
ergy presented earlier as Eqs. (1–3) are reduced to the quasi-one-
dimensionalEuler equations,11,12 with a source vector that includes
the work term. The equation is presented in matrix form,

@

@t

q S

q uS

E t S

+
@

@x

q uS

( P + q u2)S

u (Et + P) S

=

0

P̄
D S

D x
+ ¯q S̄ g w

d Çw

D x

Çm
d Çq + d Çw

D x

(31)

with d Çq and d Çw in units of joule per kilogram, where

Et = P / ( c ¡ 1) + 1
2
q u2 = q h + 1

2
u2 ¡ P (32)

and Çm is a constant.
The Euler equations with the work and heat interaction source

terms can be used to model numerous engine applications. As an
example, a simple � ow� eldcontainingthe componentsof a turbojet,
that is compressor,combustor, and turbine, is modeled using an im-
plicit � ux-split algorithm with a compressor work effectiveness g w

of 0.9 and a turbine work effectiveness g w of 1.2. Ideal mechanical
ef� ciency is assumed between turbomachine components.

For the model, total conditions at the engine inlet are 266 K and
39,619 Pa yielding a converged mass � ow rate for the subsonic
entrance boundary condition of 4.05 kg/s and a Mach number of
0.582. The exit boundary condition is supersonic, therefore, the
� ow is extrapolated.

The engine contains the traditional components of a turbojet. In
the burner, from 0.3 to 0.6 m, 1.0 £ 103 kJ/kg of heat is added
correspondingto a s k value of 5.58.The compressor is located from
0.1 to 0.3 m and adds 131.75kJ/kg of workwith a work effectiveness
g w =0.9. The turbine is located from 0.6 to 0.8 m and removes
131.75 kJ/kg of work with a work effectiveness g w =1.2.

The results of the CFD analysisyield a compressor total pressure
ratio p c =3.5 and total temperature ratio s c = 1.5. For the turbine,
postprocessing the solution yields a total pressure ratio p t =0.65
and total temperature ratio s c =0.91.

Using the aforementionedengineparameters in the CFD analysis,
Fig. 11 is generated,which shows the effects of work and heat inter-
action on the Mach number pro� le, shown on the left axis, through
the engine. The engine area is shown on the right-handaxis to clar-
ify the Mach number trends. The trends concur with the expected
results. For further clarity, the pressure and temperature variation
through the engine components is provided in Fig. 12. As expected,
the total pressure and temperature rise through the compressor and
drop through the turbine. In the combustor, the total temperature
increases and the total pressure drops as predicted by Rayleigh
analysis.

Fig. 11 Machnumberpro� le through the turbojet showingthe regions
of work and heat interaction; engine geometry (area in square meters)
is shown by the bounding lines.

Fig. 12 Total temperature Tt and total pressure Pt pro� les through the
turbojet.

With the inclusion of the work source term in the Euler equa-
tions it has been demonstrated, via a simple model, that CFD can
effectively model work interaction directly. There is no restriction
to the additional source terms that can be concurrently modeled.
Thus, the robustness and usefulnessof the derived work relations is
demonstrated.

Conclusions
In the same manner as Rayleigh heat addition indicates a thermal

limit onanengine,referredto as thermalchoking,the isentropicone-
dimensional constant-areawork relations demonstrate that there is
a fundamental limit on work-extraction in supersonic and subsonic
� ows. This limit holds regardless of the means used to perform the
work-interaction. As more work is extracted, the Mach number is
driven toward unity.The all-encompassingterm “energychoking”is
introduced to cover � ow driven toward choking (Mach 1) by either
heat or work interaction. The simple work relations also indicate
work-addition is always safe from an “energy choking” standpoint.

One-dimensional isentropic work equations are presented in
closed form. The equations are extended to general nonisentropic
closed forms. From these relations, it is possible to construct the
terms for the Euler and Navier–Stokes equations to account for the
effects of nonisentropicwork-interaction.

Coupling of nonisentropicequations to the closed-form work re-
lations increases their applicability, but it is noted that few work-
interaction devices (with the possible except of MHD) have any
semblanceof constant area.The true robustnessof the work relation
is realized when the Euler source term with the work-effectiveness
parameter is introduced.The work-effectivenessparameter, g w , pro-
vides the ratio of actual to ideal work-interactionwith the � uid. For
a compressor, the actual work-interaction(change in total pressure)
is less than the ideal, whereas, conversely, for the turbine the ac-
tual work-interactionis greater than the ideal. Flow losses (friction,
heat, etc.) serve to reduce the effect of addingwork on total pressure
rise in the work-addition region (compressor) while causing addi-
tional total pressure losses in the work-extraction region (turbine).
Coupling work interaction to the Euler equation as a source term
enables concurrent modeling of work-interaction along with any
additional source terms desired, the most obvious being heat and
friction. Although the closed-form equations are instructive from a
fundamental understanding viewpoint, the true power of the rela-
tionship lies in the relatively straightforward extension to the mul-
tidimensional Euler equations that can model � ow with concurrent
� ow interaction devices. As a further extension work-interaction
zones can vary in position with time, thus modeling dynamic
interaction.
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